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Abstract 

U(Nq) gauge theory with N-p fundamental scalars admits BPS junctions of domain 
walls. When the networks/webs of these walls contain loops, their size moduli give localized 
massless modes. We construct Kahler potential of their effective action. In the large size 
limit Kahler metric is well approximated by kinetic energy of walls and junctions, which is 
understood in terms of tropical geometry. Kahler potential can be expressed in terms of 
hypergeometric functions which are useful to understand small size behavior. Even when 
the loop shrinks, the metric is regular with positive curvature. Moduli space of a single 
triangle loop has a geometry between a cone and a cigar. 
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1 Introduction 



Network of topological defects (solitons) is ubiquitous in various area of physics. For instance in 
the early Universe a network of domain walls or cosmic strings is inevitable at a phase transition 
via the Kibble mechanism [H E] • A network of domain walls [3] was proposed as a candidate of 
dark matter/energy [I]. Networks of domain walls appear also in several situations in condensed 
matter physics (see, e.g., [5]). Dynamics of these networks have been examined by numerical 
simulations so far because analytic solutions were lacking!* In supersymmetric field theory, 
junctions of domain walls [7] were found to be 1/4 Bogomol'nyi-Prasad-Sommerfield (BPS) states 
preserving only a quarter of supersymmetry [8j. Since then many works about BPS or nearly BPS 
networks of domain walls have been done during these years [9] [H]. However most works relied 
on qualitative treatments or numerical simulations except for a few works on exact solutions of 
a single junction of walls [9j [12]. Recently the most general exact solutions of networks (webs) 
of domain walls have been found in a supersymmetric Abelian/non-Abelian gauge field theory 
[TB*l [TBI [TT] . These solutions contain full moduli of a network with arbitrary numbers of loops 
and external legs of walls. The purpose of this paper is to construct effective field theory of the 
networks of domain walls by determining the moduli space metric. It will be possible to describe 
dynamics of these networks by the moduli space (geodesic) approximation a la Manton [18] which 
remains as a future problem. 

Our model is a U(N C ) gauge theory coupled to N F Higgs fields in the fundamental repre- 
sentation which has been recently studied extensively and has been found to allow many kinds 
of solitons. If the number N F of flavors is equal to or larger than the number of colors of 
U(N C ) gauge group, N F > N c , vacua are in the Higgs phase. The model at the critical cou- 
pling (with a gauge coupling constant and a Higgs self-coupling constant being equal) admits 
M = 2 supersymmetric extension, and solitons become BPS states and are the most stable 
among configurations with the same topological charges. Domain walls and vortex-strings are 
fundamental BPS solitons in the Higgs phase, preserving/breaking a half of supersymmetry, and 
are called 1/2 BPS states. Parallel multiple domain wall solutions can exist when Higgs mass 
parameters are real and non-degenerate and vacua are in the Higgs phase with disconnected 
branches (N$ > Nc)- By introducing the method of the moduli matrix [T9], [20] those solutions 



1 However some analytic solutions are known in integrable systems (coupled KP's) [BJ. 
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were constructed [2TJ [22] [23J, Elj with extending earlier works of U(l) gauge theory [25] [30]. 
Domain walls with non-Abelian flavor symmetry were also constructed in theory with partially 
degenerate Higgs masses [HH E2] . The model with massless Higgs fields admits parallel multiple 
non-Abelian vortex-strings [33], [31] [38]. They are local strings [39J for Np = Nq or semi-local 
strings [10] for Np > Nq. The moduli matrix enables us to obtain the formal solutions of them 
and their moduli space [35], [36l [191 [37] . in both cases of domain walls and vortices, the half of BPS 
equations is solved in terms of the moduli matrix, and the rest of them is rewritten as a second 
order differential equation in terms of a gauge invariant quantity Q. This equation, called the 
master equation, is expected to admit the unique solution^ Effective Kahler potential of these 
1/2 BPS solitons was constructed as an integration of a function of Q in the superfield formalism 
[42] . The integration can be explicitly performed to obtain the explicit Kahler potential/metric 
for several cases, so we can discuss the dynamics of these solitons. The dynamics of domain 
walls in U(l) gauge theory was discussed [26] [27J [28]: for example the moduli space of a double 
wall in U(l) gauge theory with Np = 3 is C with the cigar metrico (2d Euclidean black hole). 
The moduli space of single non-Abelian vortex was found to be CP^ -1 for Np = Nq = N [33] . 
The dynamics of two non-Abelian vortex-strings has been studied recently in order to describe 
colliding two vortex-strings with angle, with resulting in their reconnection [38]. However the 
dynamics of composite solitons was not discussed so far. 

In this paper, by generalizing the result of [12], we obtain a general formula of the effective 
Kahler potential of the network/web of domain walls in the U(Nc) gauge theory coupled to 
Np Higgs scalar fields with complex and non-degenerate masses. This system of web of domain 
walls contains non-normalizable modes associated with the modes on walls at asymptotic infin- 
ity. Integration over non-normalizable modes brings a divergence of the Kahler potential and 
therefore these non-normalizable modes are to be fixed by boundary conditions. On the other 
hand, apparent infra-red divergences appearing in the integration of normalizable modes can be 
eliminated by Kahler transformations. We thus can consider only the normalizable modes as 
effective fields on the web. We have already pointed out that only possible normalizable modes 



2 The uniqueness was rigorously proven in various cases: vortices |41j . domain walls |29j and domain wall webs 

[T5] in Abelian gauge theory. In the first two cases, the existence was also shown. 

3 This is the modulus corresponding to the relative distance and the associated phase. There is also another 

complex modulus corresponding to the center of mass of two domain walls and the associated phase, which has 
a trivial flat metric. 
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come from the size and associated phase of a loop [15]. As the simplest example we discuss a 
single triangle loop of domain walls in this paper. Moduli of the loop size and its associated U(l) 
phase are combined to give one complex modulus (p. We explicitly perform integrations over two 
codimensions in the strong coupling limit g 2 — > oo to obtain the Kahler potential expressed in 
terms of hypergeometric functions. This is a Taylor expansion with respect to \<p\ and is useful 
to understand small size behavior of the loop. In the large size limit the Kahler metric is well 
approximated by kinetic energy of walls and junctions, which is understood in terms of tropical 
geometry. The metric is regular with positive curvature everywhere, and no singularity appears 
even when the loop shrinks. The geometry is between a cone and a cigar. 

Apart from the dynamics of BPS solitons, there is another merit to construct an explicit 
metric on a moduli space of BPS solitons. When one obtains an explicit metric of the moduli 
space of 1/2 BPS solitons and the effective theory on them as a sigma model with the moduli 
space metric as its target space, 1/4 BPS composite solitons often can be described as another 
1/2 BPS soliton solutions in terms of the effective theory on the host solitons. For instance, by 
using the CP^ -1 model as the effective theory on a single vortex, confined monopoles can be 
realized as kinks inside the vortex [43] whereas instantons can be realized as CP 7V_1 -lumps inside 
the vortex [44] With proceeding in this way, one may be able to construct 1/8 BPS solitons 
[4"5l 14*6] once one obtains an explicit metric on the moduli space of 1/4 BPS solitons. The metric 
on the wall web obtained in this paper may be applied to this direction. 

There exist 1/4 BPS composite states made of parallel domain walls attached or stretched 
by vortex-strings [471 SB]- In strong gauge coupling limit, all solutions were obtained exactly 
|48j . These resemble with the Hanany-Witten brane configurations in the type IIA/B string 
theory [49]. The type IIB string theory admits (p,q) string/5-brane webs [501 EH [52] which are 
also 1/4 BPS states. Low energy dynamics of these webs is described by d = 5 gauge theory. 
Corresponding example of field theory is a domain wall web [151 EE E] which will be discussed 
in this paper. It has been shown in [151 [46] that the dynamics is described by a d = 2, H = (2, 0) 
nonlinear sigma model [531 IM] • Pursuing the similarity between string theory branes and field 
theory branes is another motivation of the study in this paper. 

This paper is organized as follows. In Sec. El we briefly review the basic properties of webs 

4 Even non-BPS solitons can be realized in the same way. Instantons can be realized as Skyrmions in domain 
walls in five dimensions [32 . 
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of walls. In Sec. El we construct an effective theory on the webs of walls. In 13.11 we give a 
general form of the effective action and show that the effective theory is described by a nonlinear 
sigma model whose target space is the moduli space with a Kahler metric. In 13.21 we analyze 
the case of a single triangle loop and in 13.31 we show that the Kahler potential can be obtained 
as a power series of the moduli parameter. In Sec. HI we examine the large size behavior of 
the single triangle loop by taking a special limit, which we call "tropical limit". In 14. 2\ we 
consider the asymptotic behavior of the Kahler potential in the case of 1/2 BPS parallel walls to 
illustrate what the tropical limit is. In 14.31 applying the tropical limit in the case of the single 
triangle loop, w e obtain an asymptotic metric of the moduli space and in 14.41 we also evaluate 
the contributions from junction charges. In Sec. [U we show that the asymptotic metric can be 
read from kinetic energy of the constituent walls of the loop and the junction charges. Sec. [6] is 
devoted to conclusion and discussion. 



2 Networks/ Webs of Walls 



Let us here briefly present our model admitting the 1/4 BPS webs of domain walls (see [19] 
for a review). Our model is 3+1 dimensional M = 2 supersymmetric U(Nc) gauge theory 
with Np(> Nq) massive hypermultiplets in the fundamental representation. Here the bosonic 
components in the vector multiplet are gauge fields Wm (M = 0,1,2,3), the real scalar fields 
S Q (a = 1,2) in the adjoint representation, and those in the hypermultiplet are the SU(2)r 
doublets of the complex scalar fields H % (i = 1,2), which we express as Nq x Np matrices. The 
bosonic part of the Lagrangian is given by 

2 
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where we have defined Y a = £ (c a l Nc - {a a ) j ^(H^) with c a an SU{2) R triplet of the Fayet- 
Iliopoulos (FI) parameters. In the following, we choose the FI parameters as c a = (0, 0, c > 0) 
by using SU(2)r rotation without loss of generality. Here we use the space-time metric tjmn — 



diag(+l, 



•1) and M a are real diagonal mass matrices, M\ = diag(mi, 777.2, 



Mo 



diag(ni, n 2l ■ ■ ■ ,n^ F ). The covariant derivatives are defined as £>m£ = 9jwE+i[W^, S], T>mH 1 



(9m + iWm)H\ and the field strength is defined as Fmn = — i\T^Mj T^n\ = 9mWn — 9nWm + 
i[W M ,W N }. 

If we turn off all the mass parameters, the vacuum manifold is the cotangent bundle over the 
complex Grassmannian T*Gr^ F ^ c |55j. Once the mass parameters m A + in A , (A = 1, ■ ■ ■ Np) are 
turned on and chosen to be fully nondegenerate (rriA + in a 7^ m B + ins for A ^ B), the almost 
all points of the vacuum manifold are lifted and only n f Cn f = Np\/ [N C \(N F — N c )\] discrete 
points on the base manifold Gr^ Ft N c are left to be the supersymmetric vacua [56]. Each vacuum is 
characterized by a set of Nc different indices (Ai, ■ ■ ■ ,An c ) such that 1 < A\ < • • • < An c < Np. 
In these vacua, the vacuum expectation values are determined as 

(H lrA ) = (H 2rA ) = 0, 

(E) = diag (m Al + in Al ,- ■ ■ , m AjVc + in AN \ , (2.3) 

where r is color index running from 1 to iVc, the flavor index A runs from 1 to Np and £ is the 
complex adjoint scalar defined by E = + iE 2 . 

The 1/4 BPS equations for webs of walls interpolating the discrete vacua (I2.3P can be obtained 
by usual Bogomolny completion [151 IS! °f the energy density as 

F 13 = i\Z 1 ,E 2 ], PiE 2 = Z> 2 E 1 , V 1 Z 1 +V 2 Z 2 = Y 3 , (2.4) 
T>iH 1 = H 1 M 1 -EiH 1 , V2H 1 = H 1 M 2 - £ 2 # 1 - (2.5) 

Here we consider static configurations which are independent of X3, so we set do = 83 = and 
Wo = W$ = 0. Furthermore, we take H 2 = because it always vanishes for the 1/4 BPS 
solutions. Let us solve the 1/4 BPS equations (JSHj) and §11$ [151 EE]- Firstly ([23]) is solved by 

H 1 = S-\x\x 2 )Hoe Khxl+M2X \ Y> a + iW a = S- 1 (x\x 2 )d a S(x\x 2 ). (2.6) 

Here H is an Nq x N-p constant complex matrix of rank Nq, and contains all the moduli 
parameters of solutions. The matrix valued quantity S^x 1 ,^ 2 ) G GL(Nq,C) is determined by 
the remaining equation (12.4ft as we will see shortly. The moduli matrices related by the following 
^-transformation are physically equivalent since they do not change the physical configuration: 

Ho -> VH Q , S(x\x 2 ) -> VS(x l ,x 2 ), V G GL(N C , C). (2.7) 

Secondly the first two equations in ( 12.41) give an integrability condition for the two operators 
V a + Eq, (a — 1, 2), so they are automatically satisfied. Finally the last equation in (12.41) can be 
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converted, by using a gauge invariant quantity 



n = SS\ (2.8) 

to the following equation: 

^(d a (Q~ 1 d a Q))= 1n c - tt-'Qo, (2.9) 

q q = ^H e 2 ^ xl+M ^Hl (2.10) 

The solution Q of the master equation should approach Q near vacuum regions. This equation 
is called the master equation for webs of walls. It determines S for a given moduli matrix H up 
to the gauge symmetry and then the physical fields can be obtained through (12.61) . 

Solutions of the 1/4 BPS equations saturate the Bogomol'nyi energy bound 

£>y + Z 1 + Z 2 + d a J a , (2.11) 

where the central (topological) charge densities which characterize the solutions are of the form 

y = -^9 a Tr(e a/3 S 2 P^E 1 ), Z x = cd 1 TrE l , Z 2 = c<9 2 Tr£ 2 . (2.12) 
T 

The topological charges are defined by T w = J d 2 x {Z\ + Z 2 ) and Y = J d 2 xy. Here T w corre- 
sponds to the energy of domain walls and Y corresponds to the energy of the domain wall junction. 
Since energy of domain walls means tension times the length of the walls, this quantity is diver- 
gent. On the other hand Y has a finite value, and we call this charge as the junction charge or the 
Hitchin charge. Note that the integration of the fourth term d a J a = 9 Q Tr[/J 1 (M Q /7 1 "'" — H 1 ^T, a )] 
in (12. lip does not contribute to the topological charges. The above energy bound can be rewritten 
in terms of Q as 

£bps = ^Tr [e al3 d a (d 2 nn~ 1 ) dp (^l^r 1 )] + f H - ^d 2 A ^logdetn. (2.13) 

There is a useful diagram to understand the structure of webs of walls, which is called the 
grid diagram [151 EE]. The grid diagram is a convex in the complex plane TrS (S = Si + zS 2 ). 
The n f Cn c vacuum points (12.31) correspond to the vertices of the convex which are plotted at 
Tr (E) = Y^r=i m {A r ) + "iJ2r=i n (Ar)- Then, each edge connecting two vertices corresponds to a 
domain wall interpolating the two vacua^, and each triangle corresponds to a 3-pronged domain 
wall junction. An example of the grid diagram for a 3-pronged junction with ]Vf = 3 and iVc = 1 

6 



(3) 



(1) 



(3) 



(1) 



grid diagram 



dual web diagram 



Fig. 1: The 3-pronged junction in the Abelian gauge theory. The left figure shows the grid 
diagram and the right shows its dual web diagram in the real spacial (a; 1 -^ 2 ) plane. 

is depicted in Fig{TJ One can easily read physical informations about domain walls and junctions 
from the grid diagram: The tension of the domain wall is proportional to the length of the 
corresponding edge of the grid diagram while the junction charge is to the area of the triangle. 
We have found previously that the topological charge of the Abelian junction gives a negative 
contribution to the energy of the configuration which can be interpreted as a binding energy of 
walls. We show the energy density of the Abelian junction in Fig.(T5]). One should note that 



Fig. 2: The binding energy at the junction point: The energy density is numerically evaluated 



for the moduli matrix Hoe mx = [e x2 , e^^ 1 / 2 x2 / 2 ^ e ^ x1 / 2 x2 / 2 \ gauge coupling g = 1 and FI 



parameter c = 1. The hole of the energy density at the junction point can be regarded as binding 
energy of the three walls. 

5 Only two vacua such as have only one different element in their labels like ( A) and ( B) can be 
connected while two with ( AB) and ( CD) are forbidden to be connected. 
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the three vacua (1), (2) and (3) are ordered counterclockwisely. On the other hand, non-Abelian 
junction appears in the case of U(2) gauge theory (Nq = 2) and N-p = 3 with the same masses 
for hypermultiplets as in the above abelian theory. Then there appear the three vacua (12), 
(23)and (31) in the grid diagram which is congruent to the grid diagram of the Abelian case in 
FigJT] : These two grid diagrams coincide when one of them is rotated by the angle it. Therefore 
tension of domain walls also coincides. However, the orientation for the non-Abelian junction is 
opposite to the Abelian junction, namely it is clockwise. This feature makes the y-charge of the 
non-Abelian junction to contribute positively to the energy with the same magnitude. At the 
non-Abelian junction points an interesting system which is called the Hitchin system is realized. 
This positive F-charge has been understood as the Hitchin charge of the Hitchin system |16j . 



In order to extract concrete informations from the moduli matrix H Q , it is useful to define 
the weight W <j4r> of the vacuum (A r ) = (A 1 A 2 ■ ■ ■ A Nc ) by 

W {Ar) (x l ,x 2 ) ^^(rriA^ 1 + n Ar x 2 ) + a {Ar) . (2.14) 

r=l 

Here we defined as a real part of logdetifg^ = + ib^ Ar \ where H$ Ar ' is iVc x Nc 
minor matrix whose elements are given by (Hq^j t — (Hq) s A t - Then Qq is given by 

det n = det (±H e 2 ^ 1+M ^Hi\ = log I ^ e 2W<Ar) J . (2.15) 

Since the solution of the master equation Q is well-approximated by Qq near vacuum regions, 
we can use the weight of the vacuum >V^ Ar ^ to estimate the regions where the vacuum (A r ) is 
dominant. Therefore, position of the domain wall which divides two vacua (A r ) and (B r ) (all the 
other weights are much smaller than these two) can be estimated from the condition of equating 
the weights of the vacua ~ : 

N C N C 

(m Ar -m Br )x l + Y^ (n Ar ~ n Br ) x 2 + a {Ar) - a {Br) ~ 0. (2.16) 

r=l r=l 

Hence the parameter — a^ Br ' in the moduli matrix determines the position of the domain 
wall. Furthermore, one can see the angle of the domain wall is determined by the mass difference 
between the two vacua. Notice that the domain wall line (I2.16P is perpendicular to the corre- 
sponding edge of the grid diagram, see FigJlJ So the grid diagram gives us information of the 
angle of domain wall in addition to the tension. A junction point at which three of domain walls 
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get together can also be estimated by the condition of equating the weights of these three related 
vacua as W {Ar) ~ W {Br) ~ W {Cr) . 

3 Effective Actions on Networks/ Webs of Walls 
3.1 General Form of the Effective Action 

Let us construct an effective theory on the world- volume of the networks/webs of walls. Zero 
modes on the background BPS solutions which are the lightest modes will play a main role in 
the effective theory while all the massive modes will be ignored in the following. Normalizable 
zero modes can be promoted to fields on the world-volume of the soliton background from mere 
parameters, with the assumption of weak dependence of the world-volume coordinates (slow 
move approximation a la Manton [18J). However, one should note that webs of walls contain 
nonnormalizable zero modes which cannot be promoted to effective fields and should be regarded 
as "couplings" of effective fields that are specified by boundary conditions [T5| [16] . In the case of 
webs of walls, all the moduli parameters <f) 1 are contained in the moduli matrix H (<j) 1 ). So we 
promote normalizable modes to fields on the world- volume coordinates x^ 1 (fi = 0, 3) 

H (4> 1 ) -iZo^V))- (3.1) 

Now we introduce "the slow-movement order parameter" A, which is assumed to be much smaller 
than the other typical mass scales in the problem. There are two characteristic mass scales: one 
is mass difference | Am\ of hypermultiplets, and the other is g^fc in front of the master equation. 
Therefore, we assume that 

A < min(|Am|,#\/e)- (3.2) 

The non- vanishing fields in the 1/4 BPS background have contributions independent of A, namely 
we assume that 

H X = 0{1), W a = 0(l), E„ = 0(1). (3.3) 

The derivatives of these fields with respect to the world-volume coordinates are assumed to be of 
order A expressing the weak dependence on the world-volume coordinates. The vanishing fields 
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in the background can now have non- vanishing values, induced by the fluctuations of the moduli 
fields of order A. Therefore, we assume that 

<9 M = 0(A), W, = 0(\), H 2 = 0{\). (3.4) 

Then the covariant derivative X> M = 0(A) has consistent A dependence. 

If we expand the full equations of motion of the Lagrangian (12.11) in powers of A, then we find 
that the 0(1) equations are automatically satisfied due to the BPS equations. The next leading 
order 0(A) equation is the equation for including the Gauss law 

= -^V a F afl + j 2 {Y, a V^ a - V^Jl a ) + iiH x V^ - V.H 1 ^). (3.5) 

In order to obtain the effective action of order A 2 on webs of walls, we have to solve this equation 
and determine the configuration of W^. 

Eq. f)3.5p contains the derivatives of the world-volume coordinates x M (fi = 0, 3) on wall webs. 
As a consequence of Eq. fl3.ip . the moduli matrix Hq^ 1 ) depends on the world- volume coordinates 
x^ through the moduli fields 0*(a; M ). Note that for the fields which depend on x^ only through 
the moduli fields, the derivatives with respect to the world-volume coordinates satisfy 

d, = S, + Si (3.6) 

where we have defined the differential operators 5^ and 5^ by 

s » = T,Ww> 5 >^ d ^w^ (3 - 7) 

i i 

respectively. Using these operators, the 0(A) equation of motion Eq. fl3.5p can be solved, to yield 

W li = i(6 li &S*- 1 -S- 1 6lS). (3.8) 

The remaining work is to substitute these solutions into the fundamental Lagrangian (12. II) 
and to integrate over the codimensional coordinates x 1 and x 2 . Since we are interested in the 
leading nontrivial part in powers of A, we retain the terms up to 0(A 2 ). We ignore a total 
derivative term which does not contribute to the effective Lagrangian, and obtain the effective 
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Lagrangian of order 0(X 2 ) as 



C eff 



(3.9) 



K{<f>,<j>*) 




(3.10) 



K w {<j),4>*) 



K g (<f>,<f>*) 




d 2 x — IWCT 1 ^) 2 . 



(3.11) 



(3.12) 



From the above expression, we can see that the metric Kij* on the moduli space is a Kahler metric 
whose Kahler potential is given by Eq. ( 13.101) . We observe that the above formula is valid for the 
effective Lagrangian on the domain wall, if we restrict ourselves to single codimension, for instance 
a = 1 and integrate over x 1 alone when the wall is perpendicular to the x 1 axis. Note that the 
integral in Eqs. (13.111) and (I3.12p for the Kahler potential has an infrared divergence (x 1 , x 2 — > oo). 
This comes from the fact that we have only constituent walls asymptotically (x 1 , x 2 — > oo). Since 
we have not promoted the nonnormalizable zero modes associated to the constituent walls and 
have fixed them by boundary conditions, these apparent contributions from asymptotic infinity 
to the Kahler potential can actually be eliminated by a Kahler transformation. Namely the 
infrared divergence can be removed by subtracting, from the integrand of Eqs. (13. lip and (I3.12p . 
some functions which are holomorphic or anti-holomorphic with respect to the effective fields. 

We eventually got a Kahler geometry as a target space of a nonlinear sigma model on the 
moduli space: we did not expect Kahler geometry for effective action because it is d — 2, 
M = (2, 0) supersymmetric nonlinear sigma model [T5l B6] whose geometry does not have to be 
Kahler in general [521 E4J E 

3.2 Single Triangle Loop 

Let us first consider the effective action on a single triangle loop of walls. Here we will briefly 
review the construction of single triangle loop. In order to obtain a single triangle loop, we need 
at least four vacua. Here we consider the model with Nc = 1, N-p = 4 and masses 



6 If we have an anti-symmetric tensor field 6^ in the effective theory, the geometry is no longer Kahler but 
becomes Kahler (Hermitian) with torsion |53[ 154] . This may happen if we add a theta term in the original 



M = Mi + iM.2 = diag(mi + mi, rri2 + in,2, + in^, WI4 + in^). 



(3.13) 



Lagrangian. 
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The model with Nc = 3, Np = 4 will be discussed in Sec. 14.51 In the A-th vacuum (A), the 
adjoint scalar takes the following vacuum expectation value: 



(£) {A> = (Si + iT, 2 )( A ) =m A + in A . 



(3.14) 



The moduli matrix which determines the configuration of walls is now a four- component row 
vector 



H = Me ai+ib \e 



ai+ibi a2+if>2 a3+*&3 „a4+«&4^ 



(3.15) 



Now Q Q is given by 



fl = -H e 

c 



2(M 1 x l +M 2 x 2 ) trt 



2W< A > 



(3.16) 



A=l 



Here we define the weight of vacuum (A) as 



g 2W< A > = e 2(m A x 1 +n A x 2 +a A ) 



(3.17) 



In order to obtain a single triangle loop, we have to set mass parameters appropriately. Recall 
that the web diagram in the configuration space is dual of the grid diagram in the complex E 
plane [15]. Therefore, a single triangle loop appears when the grid diagram consists of a triangle 
and one vacuum point is located inside the triangle (See Fig. ([3])). For simplicity, we set the 




Fig. 3: Grid diagram and web diagram 



fourth complex mass parameter to zero and impose the following conditions: 



fhi x m 2 > 0, rfi2 x > 0, x fhi > 0, 



(3.18) 



where fhi x rhj = rriiTij — rrijUi. 
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Before constructing the effective action of the wall web, we have to know which mode is 
normalizable and which is not. In the present case, there exist three walls as external legs (we 
call them external walls): the wall interpolating (1) and (2), the one interpolating (2) and (3) and 
the one interpolating (3) and (1). These three walls have semi-infinite length. There also exist 
three internal walls as segments: the wall interpolating (1) and (4), the one interpolating (2) and 
(4) and the one interpolating (3) and (4). They constitute the single triangle loop. Zero modes 
which are related to the positions of the semi-infinite external walls, that is, zero modes which 
change the boundary condition at infinity are non-normalizable modes in the effective theory of 
the wall web. We should fix such non-normalizable modes. Therefore, the zero mode which is 
related to the size of the loop is the only possible normalizable mode. 

In order to fix the three external walls, we fix three complex moduli parameters to 1 with 
leaving single complex parameter = e r+%e which corresponds to the (dimensionless) size r of 
the loop and the associated phase moduli 9: 

H = y/c(l,l,l,<j>) with (j) = e r+ie . (3.19) 

We promote this moduli parameter to a field on the world volume and construct the effective 
action for that. The configuration of the wall loop is given in FigJH 




Fig. 4: Configuration of the wall loop 



Next we have to solve the master equation (12.91) to explicitly construct the effective action. 
In order to do that, we take the strong coupling limit g 2 —>■ oo, in which the master equation can 
be solved algebraically as fl = Q . In the present case, fl is given by 

Q Q = e 2 ™ 1 '* + e 2 ™ 2 '* + e 2 ™ 3 '* + \<p\ 2 . (3.20) 
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Substituting this solution to Eq.f l3.10p and neglecting the second term (g 2 — > oo), we obtain the 
following Kahler potential 

K = c Jd 2 x\ogn = c J d 2 x\og{e 2Al ^ + e 2 ^ + e 2rh ^ + |0| 2 ). (3.21) 

Though this is apparently divergent, we can redefine the Kahler potential using the Kahler 
transformation to remove the moduli-independent divergence: 

I J.I2 * 



K w = c Id x 



log fi - log ^0 



c / d l x log ( 1 + ^- ) , (3.22) 



Vl = e 2mi - x + e 2m2 - x + e 2m3 ' x . (3.23) 

We will show in the next section that this Kahler potential can be written as a sum of 
hypergeometric functions. We will obtain asymptotic metric in Sec. |4] by using another simple 
approach, which is valid for sufficiently large loop configuration <fi ^> 1. We will also calculate the 
asymptotic value of the second term K 9 in Eq. (13.101) in Sec. H] without using explicit solutions. 
The meaning of the asymptotic metric will be clarified in Sec. |5j 

3.3 Kahler Potential in terms of Hypergeometric Functions 

Before trying to compute the Kahler potential, we first introduce the following notations: 

A [123] = fhx x rh 2 + m 2 x m 3 + m 3 x rhi, (3.24) 
__ (m 2 x m 3 ) (m 3 x mi) __ (mi x rh 2 ) , _, 

"1 = 7 , "2 = 7 , « 3 = . (3.25) 

A[123] A[i23] A [123] 

Since the quantity Qq in Eq. (13.231) has the following minimum value 

3 

log f2 min = - y^aj log a f (3.26) 
as a function of x 1 , x 2 , we can expand the integrand in powers of ^- as long as \(p\ 2 < exp (—J2 a i 1°£ 

K w = c y / ci 2 *^. (3.27) 

Let us define the new variables of integration by 

s 1 = (mi — m 3 ) ■ x, s 2 = ifh 2 — m 3 ) • x. (3.28) 
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Then, for each n, we can integrate this in the following way: 

dx 1 dx 2 1 f°° e 2naisi e 2not2S2 

dsids<2 



fig A [123] (e 2s i + e 2s * + l) n 

I poo nai-1 na 2 -l 

' dudv^ (u = e 2si , v = e 2s2 ' 



4A [123] Jo (u + v + l) n 

1 



dududsu nai - 1 t; na3 - 1 s n - 1 e- (tt+ * +1) ' 



4A [123] r(n 

1 r(ain)r(a 2 n)r(a 3 n) 
4A [123] f(n) ' 

Therefore we obtain the final form of the Kahler potential K w as 



(3.29) 



u c ^ (-l) n+1 r(ain)r(a 2 n)r(q 3 n) 2n 

K - = ^2-,— m w ■ (3 - 30) 

We see that this series is convergent for |0| 2 < exp (— ^a;loga;) and defines an analytic func- 
tion of 1 0| 2 with a possible pole on the negative real axis. Therefore we know that there exists 
well-defined smooth function even for \<p\ 2 > exp (— ^2 a i logo*). Moreover, this can be written 
as a sum of hypergeometric functions in cases where on are rational numbers. We can find out 
the behavior of this function outside the convergence region of the series by using the analytic 
continuation. In Appendix A, we give the detail of the analytic continuation to study the asymp- 
totic behavior of a more general power series expression (1A.2j) including K w as a special case, and 
the expression in terms of hypergeometric functions. In the next section, we will show another 
simple approach to know the asymptotic metric for |0| 2 ^> 1. 

By using the expression Eq. (13.301) . we can calculate the metric for |0| 2 < exp (— a* log a;) 

as 

K » = Si = tk- f(-ir'» ^M m«->. (3.3D 

d<pd<p 4A[i2 3 ] ^ r H 

Since the loop of walls shrinks completely at = 0, one might think that the moduli space is 
singular at <fi = 0. However, we can exactly calculate the scalar curvature from Eq. ( 13.311) at 
= and find that it is finite: 

16A pa , ^,^(20,^(20,) 3 

c (r( ai )r(a 2 )r(a 3 )) 2 

Therefore, the moduli space of the single loop is non-singular at <p = 0. Fig. [5] illustrates the 
moduli space of the single loop embedded into the three dimensional Euclidean space. 
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Fig. 5: The moduli space of single triangle loop embedded in R 3 : The moduli space has a U(l) 
isometry which corresponds to the direction of the phase modulus. The other direction can be 
regarded as the direction of size modulus of the loop. The tip of the moduli space corresponds 
to the point = where the loop shrinks completely. 

4 Large Size Behavior: Tropical Limit 
4.1 Tropical Limit 

To evaluate the asymptotic metric of the moduli space at large loop size, we note that log detQ 
is well approximated by logdetfio apart from tiny finite regions near walls and junctions. By 
excluding these finite regions near walls and junctions, space is divided into a number of regions 
corresponding to various vacua. In each region, only the weight of a single vacuum is dominant 
in log detfi 



where the weight of the vacuum W^' is defined in Eqs. fl2.14p and (|2.15p . We call this procedure 
"tropical limit" . It will turn out that the tropical limit exactly extracts the leading contribution 
from the Kahler potential and the correction terms are strongly suppressed in sufficiently large 
loop configuration |0| 2 ^> 1. Moreover, the tropical limit is applicable irrespective of the value 
of gauge coupling g. 

As a concrete example, let us take the Abelian gauge theory with four flavors. The configu- 
ration of single triangle loop has three external walls and three internal walls, which divide the 



log det tt = log ^ 




(4.1) 
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x x -x 2 plane into four regions, (1), (2), (3) and (4) (See Fig. HI). In each region (A), (A = 1, 2, 3, 4), 
the corresponding weight e 2w(A) is largest among four weights. In the present section, we will 
consider only the largest weight in each region and simply drop the other weights to roughly 
evaluate the Kahler potential. Namely, we consider the limit in which the logarithmic function 
becomes 

log Q = log ( e 2wW + e 2wi2) + e 2VV(3> + e 2W<4> ) - max (2 W< A >) (4.2) 
4.2 Tropical Limit in 1/2 BPS Parallel Walls 

Before considering the case of large |0| 2 of the loop of the walls, let us consider simpler example of 
two parallel walls and evaluate concretely an effective Kahler potential for a relative distance (and 
a relative phase) between two walls. This computation should serve as a warm-up exercise for the 
more complicated case of wall loops. The model for Nq = 1 and Np = 3 with non-degenerate real 
masses rriA{A = 1,2,3) have three different vacua characterized by Si + 2X2 = mi, 777.2,7713 G R 
and allows a BPS solution of double walls with two complex moduli parameters. We can take one 
of the two to be the center of mass position and the overall phase which are Nambu-Goldstone 
modes and normalizable in this case of parallel walls. Therefore we promote it to free particles 
in the effective action. Let us now concentrate to the other complex moduli = e r+l9 . A real 
part r can be interpreted as the relative distance if \<f>\ > 1, and it's imaginary part 6 gives the 
relative phase between two walls. A Kahler potential of an effective action for a chiral field <fi in 
the strong coupling limit is obtained by performing the following integral |42j . 

/oo 
dy {log (e 2maiy + e~ 2ma2V + |0| 2 ) - log (e 2maiy + e ~ 2ma2y ) } (4.3) 
-00 

where we denoted the mass parameters as (rri!, m 2 , m 3 ) = {max, 0, -ma 2 ) with m = 777,1 — 777,3, 
ot\ + a 2 = 1 and < a± < 1 without loss of generality!!! To perform the integration for large r, 
let us decompose the integral into four integrals with respect to intervals Ij, (i — 1, • • • , 4) 

h = {y\ei >e > e 2 } = {y\my > — }, 

h = {y\e > ei > e 2 } = {y\— > my > 0}, 

T 

h = {y\e > e 2 > ei} = {y\0 > my > }, 

h = {y\e2 > e > = {y\my < -—}, (4.4) 

1 a 2 



7 By shifting the adjoint scalar E a , one can always choose one of the masses to vanish. 
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with abbreviations e\ = e 2maiy , e 2 



-2mct2y 



en = e 2r . Here, note that — — — are (dimen- 

u ' ai ' a.2 v 

sionless) positions of walls and the center of mass position is chosen to vanish. The various 
informations are illustrated in Fig. [6l In the interval Ji, it is convenient to perform the integral 





logfio 






B 
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\log 















h * 



(a) Plot of log Qq and log Cl 











B 




c 









h y 



(b) Tropical limit of log Qq 



Fig. 6: The Kahler potential is given by the area of the shaded region in (a). The area of the 
triangle ABC (first term in Eq. ( 14.12ft ) gives the leading contribution to the Kahler potential for 
large r. 



by decomposing the integrand into 



log(ei + e 2 + e ) - log(ei + e 2 ) 



log 1 



£0 
ei 



(-2 



log 1 + - + log 1 - 

ei / V ei + e 



( J 2 



(4.5) 



so that logarithmic function can be expanded to infinite series as log(l + x) — Yl™=i — x ™- 



Note that the term logei which gives divergent integral cancels out. In the interval I2, we also 
take a decomposition of the integrand as 



(loge -loge 1 )+log(l + - ) -log(l + ^ ) + log ( I + 

V e / V e i/ V ei + e 

The first term gives leading terms of the integral as 



dy (loge - logei) 



dy (2r — 2ma.\y) 



ma 1 



and next leading terms are calculated as 

00 

= E 



h 



dy log ( 1 + — 

ei 



71=1 



1 \n— 1 ^00 

e 2nr / dye~ 2naiy 

n . r 



1 7T 2 

2ma l 12' 



dylog f 1 + — 



1 / 7T 2 (-I)"' 1 

aai I 12 n 2 



-2nr 



h+h 



&2 

dy log ( H — 



2mai V 12 
2m 12' 



71=1 



(4.6) 
(4.7) 

(4.8) 

(4.9) 
(4.10) 



18 



where we used an identity J2 n=1 — ^2 — = §C(2) = fn- We also find the integrals for the intervals 
-Z3 and I4 give the same contributions as I 2 and I±, respectively, except for exchanging the 
parameters ot\ and a 2 - There remain the last terms log(l H — ^— ) in Eqs. (14.50 and (14. 6ft . They 
should be integrated over y in the region Ii and -Z2, respectively, and are evaluated in appendix 
IB1 The result can be combined with the last term (sum over n of e~ 2nr terms) in Eq.gSJ) to 
give only contributions of order of e "i . These correction terms are guaranteed to be finite by 
inequalities 

0< / dy \og[l + — — — )< / dy log (1 + — )= constant. (4.11) 
Jiuh \ e i + e o/ Jh,i 2 V e J 

Thus we obtain 

C Q c/1 1 \VT 2 ^ / _^_ rN 

^waii = r 2 + — — + — -1 — + O e -i r ,e 4.12 

«ia 2 m 2m ycti a 2 Jo 

It is remarkable that there are no terms proportional to the length r of the relative distance of 
walls in the Kahler potential. This is because the deviation from the tropical limit is localized 
in finite regions around points A, B, C and does not increase as the distance r between B and C 
increases. This feature holds irrespective of values of gauge coupling g. Therefore our approx- 
imation with the tropical limit as the leading term is applicable for any finite values of gauge 
coupling g. One should note that the constant contribution (the second term) in the right-hand 
side of Eq. (14.121) is a nontrivial physical constant, even though the term gives no contribution 
locally to the Kahler metric. For instance, if we fix the Kahler potential at cf) = (r = — 00) to 
vanish, we can no longer eliminate the constant term by Kahler transformations. 

4.3 Tropical Limit in Single Triangle Loop 

Our starting point is Eq. (l3.22p where the moduli-independent divergence has already been re- 
moved. As we mentioned before, we divide the integral region to four parts, (1), (2), (3) and (4) 
and pick up only the largest weight in each region. In integrating the second term, we also divide 
the integral region to three parts, and pick up only single weight which is largest in each region. 

To illustrate what we are doing clearly, let us show the division of the integration region in 
FigJTl If we denote each weight e 2W(A) as e^, the order of four weights is e\ > e 2 > > e% in 
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Fig. 7: Division of the integral region 



the region Si. The integrand in Eq. (13.221) can be rewritten as 



log(ei + e 2 + e 3 + e 4 ) - log(ei + e 2 + e 3 ) 

= logei + log( 1 + - ] +logfl+ 64 ) +logfl+ <:! 



eij V ei + e 2 / V e\ + e 2 + e 4 



- log ei - log I 1 + — ] - log f 1 + 



ei / V ei + e 2 

log ( 1 + ) - log (l + -^—) + log f 1 + ) (4.13) 



ei + e 2 / V ei + e 2 / \ ei + e 2 + e 4 

in the region S*i. The leading contribution, logei, cancels here. Similar cancellation occurs in 
S 2 , S 3 and 5*4. However, in the region S 5 , the order of four weights is e 4 > t\ > e 2 > e 3 and the 
integrand can be rewritten as 

log(ei + e 2 + e 3 + e 4 ) - log(ei + e 2 + e 3 ) 

= loge 4 + log ( 1 + — ) + log ( 1 + 62 ) + log ( 1 + 



e 4 / \ e 4 + ei / \ e 4 + e\ + e 2 

- lo gei - log + log f 1 + — ^— ) . (4.14) 

V ex J V. ei + e 2 / 

The tropical limit yields non-zero value log — log e\ for the leading contribution in the region 
S5. Similarly, in the region S^, the leading contribution is loge 4 — logei. Contributions from the 
other regions can be obtained by rotating the label %[% = 1, 2, 3) cyclically. 

Note that the leading contribution can be computed as the volume of the tetrahedron. This 
can be easily seen from FiglHJ 
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(a) (b) (c) 

Fig. 8: (a) plot of log Qq, (b) tropical limit of log f2 , (c) tropical limit of log Qo 

Kw° P = c ' volume of the tetrahedron 

= oT^ ^ (log|0| 2 ) 3 . (4.15) 

It is important to note that there are no subleading terms of the form (log|0| 2 ) 2 , as shown in 
Eq. flA.lOp in Appendix IA. 21 Since deviations from the tropical limit are localized in finite regions 
around walls and junctions, there are contributions proportional to the wall length log |0| 2 and 
constant contributions associated with junctions. Therefore there is no contribution proportional 
to the area (log|0| 2 ) 2 in FigJSJ This tropical approximation should be valid for finite values of 
coupling constant g. 

The variation of this potential yields the following simple asymptotic metric: 

ds 2 w = -^ r —(dr l + dd 2 ) 

A [123] aia 2 a 3 



c 1 / /3 



dR 2 +[~R) d9 2 \, (4.16) 



2A[i23] aia 2 a 3 \ \2 

where subleading contributions should be suppressed by powers of 1/|0| ~ e~ r , as illustrated in 
Appendix[B]for the case of walls. In Figj9j the numerically evaluated metric g rr of moduli space 
is compared to the asymptotic metric (14. 16j) evaluated at r — » oo with g — >• oo. 



4.4 Tropical limit at Finite Couplings 



In the previous subsection, we have evaluated the asymptotic behavior for large values of moduli 
and obtained the Kahler potential in the tropical limit. This tropical limit contains only informa- 
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Fig. 9: Metric of moduli space (solid line) g rr and asymptotic metric (dashed line). 
We have chosen rh\ = (1, 0), m 2 = (— 1/2, \/3/2), rh 3 = (—1/2, — y/3/2), and c = 1, g — ► oo. 



tions of vacua and does not require the detailed informations on the internal structure of walls 
and/or junctions. The tropical limit should be applicable to a solution obtained in arbitrary 
coupling constant. In the following we use vacuum expectation values to evaluate Eq. f)3.12p . 

The key point is that from the second equation of Eq. (12.61) T, a can be written as 

E a = -Sedans*- 1 . (4.17) 

Using this relation, the integrand in Eq. fl3.12j) can be rewritten as 

^Tr[(fi-^) 2 ] =^TrS^. (4.18) 
z 9 9 

Note that in the vacuum (A), T? a takes the value 

(K)(A)=m 2 A + n 2 A . (4.19) 
See Eq.f l3.14p . Therefore, the tropical limit yields 

-LTr[(Q-^d a Q) 2 } - ^\m A \ 2 (4.20) 

2g g 

in region (A). Note that this is constant and does not depend on the coordinates x l and x 2 . 

Before trying to compute, we remove moduli-independent divergence by using the Kahler 
transformation as before 



K g = I d 2 x^Ti[{Vt- l d a a) 2 - (tt^dM) 2 ]. (4.21) 
J 2g 
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Here Q means Q = Q(\<j)\ = 0). In the tropical limit, the external vacuum regions (A), (A = 1, 2, 3) 
give vanishing contributions, whereas the vacuum region (4) inside the loop gives a non-zero 
contribution, as before. See Fig. [TOl (a) and (b). Therefore, the tropical limit yields 

K trop = -h^A, - \\m 2 \ 2 A 2 - ^\rn 3 \ 2 A 3 
9 9 9 

\m 12 \ 2 |m 23 | 2 , |m 3 i| 2 \ , , , 2 2 



+ 11^ + 11^ (log|0|T- (4-22) 



4^ 2 A [123 ] \ « 3 "l "2 

Here Ai is the area of the loop, which is given in FigflQlfc) and ttiab = — t^b- The variation 
of this potential leads to the following contribution to the metric. 

d^ = - *(!^ + 1^ + 1^ W + ,»»). (4.23) 

#^[123] V «3 Oil a 2 J 

Let us combine the contributions ds"^ in Eq. fl4.16p and ds 2 in Eq. fl4.23p together to give the 
total Kahler metric in the asymptotic region obtained by the tropical limit 



ds 2 



A 



[123] 



m 12 \ 2 |m 23 | 2 |m 3 i| 2 



«1«2«3 9 2 c \ «3 «i a 2 



(dr 2 + d6 2 ). (4.24) 



Since the tropical limit does not require the details of the solution and contains only the 
information of vacua, this result should be applicable to solutions for the general cases with 
arbitrary masses and arbitrary coupling g. Using the explicit solution in the strong coupling 
limit Q = Qq, w e will estimate the correction terms and show in Appendix B that the corrections 
to the Kahler metric of the tropical limit should be suppressed exponentially for large r. 
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4.5 Tropical Limit in Non-Abelian Single Triangle Loop 

In this section, let us consider the non-Abelian gauge theory with Nq = 3, N-p = 4. This model 
has also four vacua, (A r ) = (123), (124), (134) and (234). In order to compare with the Abelian 
model, we choose the same mass parameters as that of the Abelian gauge theory with Nc = 1, 
N F = 4 in Sec. 021 

Although the moduli matrix Hq is 3 x 4 in this case, we extract 3x3 matrix H^ 1 '" 1 defined 
by (HQ Ar ') s t = (H ) s At . Then we choose moduli parameters as 

det Ht 4) = det < 134) = det tf< 124> = 1, det #< m> = <P = ^ ■ (4-25) 

There is an exact correspondence between vacua of the U(Nq) gauge theory with N F flavors to 
those of the U(N F — N c ) gauge theory with N F flavors [SS]- The moduli space point (I4.25[) in 
the U(3) gauge theory and the moduli space point (13.191) in the U(l) gauge theory give different 
detf2, which reduces to the same detf2o near vacuum regions because of this correspondence. 
In the tropical limit, we evaluate Q by replacing it with Qq dominated by the single dominant 
vacuum weight. We only need informations on vacuum regions. Therefore, the asymptotic metric 
(14.161) corresponding to the first term in Eq. (13.101) is also valid in the U(3) gauge theory. 

The difference appears in the second term in Eq. (13.10 1 ) . From Eq. (14.181) . the tropical limit 
leads to 

-LttKQ-^Q) 2 } - ^(\m A \ 2 + \m B \ 2 + \m c \ 2 ) (4.26) 

in the vacuum {ABC) of the U(3) gauge theory corresponding to the (D) of the U(l) gauge 
theory. If we remove the moduli-independent divergence as before, non-zero contribution comes 
only from the vacuum (123). Therefore, this yields the same form of the asymptotic metric but 
its sign is flipped 

ds] = * + + (rfr2 + d e*). (4.27) 

9 2^A [123] V a 3 a, a 2 J K ' y ' 

This result is quite intriguing. The meaning of the plus sign will be clarified in section [51 

5 Understanding of the Asymptotic Metric 

In this section we clarify the physical meaning of the asymptotic metric. 
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5.1 Kinetic Energy of Walls 



We are now considering the dynamics of a system which consists of three internal walls and has 
two kinematic variables r and 9. (Three external walls have been fixed by boundary conditions. 
) There is no potential energy among the three walls due to the BPS nature of this system. 
Therefore, the effective Lagrangian of single triangle loop would be simply given by the kinetic 
energy of internal walls. 

The metric (I4.16P expresses this kinetic energy of walls. Let us confirm this statement. 
First of all, lengths of internal walls are given by 

(1) (4) wall 1^ = JpL-i-r, 

A[i23] a 3 a 2 

(2) (4) wall Z< 2 - 4 > = fi 1 1 r, 

A[i2 3 ] aictz 

(3) (4) wall ;(3,4) = W 1 r (5 _ 1} 

A[i23] «2«1 

Tensions of internal walls are 





= c\fhi\ 




= c rn-2 


^(3,4) 


= c m 3 



(5.2) 

Next we have to know how the internal walls move when the variable r changes. We denote the 
distances between the origin and internal walls as Iq , {A = 1, 2, 3). These are given by 



i(M) 



r 



(1)(4) wall I 

\m 1 



(2) (4) wall I, 



(2,4) 



r 



m 2 



(3) (4) wall 4 3 ' 4) = ^- (5-3) 
' ' \ma\ 



Therefore, the total kinetic energy of internal walls is 



3t / r \ 2 / , \ 2 

ar 



T= E^ T(A4)/(A4) (4 z ° A,4) ) 

A=l ^ ' 



(5.4) 



2A[ 12 3] a 1 a 2 a 3 \dt 

We observe that the moduli space metric at g 2 — > oo in Eq. (14.231) agrees with this result, since 
the total kinetic energy should be expressed in terms of the metric as 
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5.2 Kinetic Energy of Junction Charges 



In the above, we considered only the kinetic energy of internal walls. However, the mass of a 
wall web actually consists of energies of walls (tension T w times the length of the walls) and a 
contribution from the junction charge Y . The Y contributes negatively to the energy in the U(l) 
gauge theory and is interpreted as the binding energy of the three walls. If r changes to r + dr, 
the junction points also moves slightly, which accompanies the movement of junction charges 
at the junction points. Therefore, it is natural to expect that the metric (I4.23P expresses the 
"kinetic energy" of junction charges, which is negative because of the negative "mass" of the 
junction. Junction charges are given by 

(124) junction Y 124 = -^p-a 3 , 

T 

(234) junction Y 2U = -^p- ai , 

T 

(314) junction Y 3U = [ ^a 2 . (5.6) 

T 

Distances between the origin and the junctions are 



(124) junction Z 124 = J""* 12 ' r, 

A[i23] a 3 



(234) junction I 



234 



77123 



A[l23]Q!l 



(314) junction Z 314 = J™ 31 ' r. (5.7) 

A[123]«2 

Using these, we obtain the kinetic energy of junction charges 

rp _ rpl2i _|_ ^234 _|_ Ji314 

1 (\ffl\2\ 1 |?TZ23 1 2 |^3l| 2 \ fdr^ 2 



2g 2 A [m \ a 3 a x a 2 J \dt 

This agrees with the result in Eq. fl4.23p of the Abelian gauge theory. 

This interpretation naturally explains the sign difference between Eq. (I4.23j) and Eq. (14.271) . In 
the non- Abelian junction, junction charge gives a positive contribution to energy of a wall web in 
contrast to the Abelian junction. This can be interpreted as the Y-charge of the Hitchin system. 
For the details about these issues, see [TO] . 

The non- Abelian junction charges have the same magnitude as the Abelian junction charges 
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(15.61) but its sign is reversed. 



(234) (134) (123) junction Y l2A = —^^-a 3 , 

(134)(124)(123) junction Y 2U = — ^-cm, 

<r 

(124) (234) (123) junction F 124 = -4^W (5.9) 



This explains the sign flip in the asymptotic metric of Eq. (I4.27P compared to that of Eq. (I4.23P . 



6 Conclusion and Discussion 

We have constructed an effective theory of webs/networks of domain walls. The general form 
of the effective action Eq. (13.91) is written in terms of the Kahler potential given by Eq. (I3.10p . 
(13.111) . (I3.12p . In the strong coupling limit g 2 — > oo, the Kahler potential for the single triangle 
loop can be written in the form of the power series as Eq. (I3.30p . The moduli space is smooth 
even at the point where the size of the loop shrinks to zero. The large size behavior of the Kahler 
potential can be calculated as Eq. (I4.16P by using the tropical limit. In this limit we can also 
evaluate the contributions from the junction charges in the Abelian case Eq. (I4.23P and in the 
non-Abelian case Eq. (14.271) . These asymptotic metrics can be read from kinetic energy of the 
constituent walls of the loop and the junction charges. 

Let us summarize possible future works. Since the metric of the moduli space of a single loop 
has been obtained, its dynamics can be discussed by the moduli space (Manton's) approximation. 
We also should extend our work to multiple loops of domain walls. These aspects will be reported 
elsewhere [57]. 

The parallel domain walls have dyonic extension [45] if we introduce complex masses. In the 
case of domain wall webs, they admit dyonic extension if the triplet of masses is introduced [46] . 
In the case of supersymmetric field theory, this is possible in a d = 2 + 1 theory which can be 
obtained by the Scherk-Schwarz dimensional reduction from the d — 3 + 1 theory discussed in 
this paper. The effective action on webs becomes a classical mechanics (a d — 1 nonlinear sigma 
model). Since it is known that a potential, which is proportional to a square of a Killing vector 
of a U(l) isometry of the moduli space, is induced on the effective theory of dyons [58] or dyonic 
instantons [55] . the same kind of a potential, with a U{1) Killing vector associated to a loop, is 
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expected on a classical mechanics on the moduli space of the dyonic webs of domain walls. 

As noted in the introduction, the present work may be applied to construction of 1/8 BPS 
solitons [45 s H6] . Unfortunately, as discussed above, only one time dimension is left in the 
effective theory on the wall web when one needs a potential on the moduli space in the framework 
of supersymmetric field theory. Therefore one can construct a 1/2 BPS domain wall on the wall 
web only in an Euclidean theory, which gives a space-like brane. To do this, however, a single 
triangle loop is not enough because the effective theory on it has only one vacuum due to the 
fact that the potential is the square of a U(l) Killing vector associated to a loop. One would 
need at least two loops to obtain two disconnected vacua in the effective theory on the wall web. 
Sigma model lumps do not require a potential, so lumps on the wall webs could be constructed 
in four space time dimensions. To do this, the moduli space must contain a non-trivial second 
homotopy group, ^(M) 7^ 0. One would need at least multiple loops. This case of the lump 
solution also requires to consider a Euclidean theory. 
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A Hypergeometric functions 

In this appendix, we show how to express the Kahler potential K w in Eq. (13.301) in the strong 
coupling limit in terms of hypergeometric functions provided the parameters ol\~ are rational. 
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A.l p F q ({a n };{b m };x) 

The hypergeometric functions are defined by the following power series 

p F,(ai,a2,--- ,ap;6i,62,--- = ^ t, (h \ 7T\ 7T^ X ( AA ) 

^ k - \P\)k\p 2 )k ■ ■ ■ {Oq)k 

with (u) k = (k + v - l)(k -2 + v)---(v) = r(k + v)/T(v), (k\ = (l) fc ). 



A. 2 



Let us define a function G^da^}; x) for p = 1, 2, 3, • • • , with positive real parameters (A; 
1, • • • , p) by an infinite series 

. . >^ T(ain)T(a 2 n) ■ ■ •Y(a p n) 
G p {a 1 ,a 2 , ■ ■ ■ ,a p ;x) = 

n=l 

Here, the radius of convergence R is given by 



T(n + 1) 



-x . 



(A.2) 



R = lim („ + 1) I^M, = J lim ^ = \ 



with parameters S, u defined by 



oo u < 1 
e 5 m = 1 
u > 1 



(A.3) 



where we used the formula 



S = -^ajlogai, w = y^Q». 
i=i i=i 



lim e -°*** T ( z + a ) = 1 

2 -oo r(z) 



(A.4) 



(A.5) 



derived from the Stirling series. In this paper we are interested in the case of u — 1 and set u — 1 
from now on. Then G p is convergent for \x\ < e s . In the case where {«„} are rational numbers 



M, 



a n = -^,(M n ,NeN), ^M, = iV, 



(A.6) 



i=l 
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the function G p ({a n }; x) can be rewritten by a finite sum of hypergeometric functions F defined 
in Eq. flA.ip as 

N oo 

G p (ati, ■ • • , a p ; x) = y^( n ~> kN + m) 



m=l k=0 

N 



Er(a 1 m)r(a 2 m)---r(a p m) m 
— ~ x x 



m=l 



T(m + 1) 



x N+1 F N (1, {A Ml }, • • • , {A M J; {B n }; e- NS x N ) 



with a set of parameters given by 



(A.7) 



A m m I 1 m _i_ -r _ 1 

71 M 4 N "> N Mi > 'AT Mi' 

R _ m+1 m+2 m+V 
-DAf AT ' AT > " ° ° ' N ' 

i + ELi E£(^WJ* - Eii = V» ( A - 8 

where we used the following identity, with k,l e N, 

T(kl + is) = (kl + u-l)---(kl + u-l) 

x((k - 1)1 + v - 1) • • • ((Jfe - 1)1 + v - I) x • • • 
x(l + u- l)---v x T(u) 

f( k+ nzl\...( k 



I J \ I 

x(*-i + ^)-(*-i+^)x... 

(f — l\ V i . 
1 + _j... yX r M 

= C')TMn(^) ■ (A.9) 

By making an analytic continuation of an integral representation of the power series expression 
(IA.2I) with the similar method as in SecJH one obtains for x ^> 1 



1 1 

= log(l +x) « logx+ 7T^ + ---> 

a; zar 

-G,(a,ft-«) « ^L(.ogxf + (-l-l)^ + (0, 
-G 3 (ai,a 2 ,a 3 ;-x) « ^-^-(logx) 3 + A({a}) logx + 5({a}) + . . . , (A.10) 
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where the coefficients A and B are given by 



7T 2 / 1 111 

A(a 1 ,a 2 ,a 3 ) = — 

o \a1cx2cx3 ocx «2 as 

B(a h a 2 ,a 3 ) = C(3) ( - + - + - - 1 ) . (A.ll) 

Vai a2 a 3 / 



The coefficient £(3) is verified numerically to order 10 100 . 
More generally, the leading contribution is given by 



- G p ({a n }; -x) » , (logs)' + P ((logs)*- 2 ). (A.12) 



B Correction Terms 

The exponentially suppressed term in the Kahler potential in Eq. (14.121) can be calculated as 
follows: 

y/i V ei + e / ^ n y 2l V e i + e / 

=l,fc=0 ' * 

1 00 

L E 

m z — ' 

n=l,k- 

J_ y* ( ^n+fc-i (w + fc-i)! 

J_ V" ( i)n+fc-i (n + k-l 
9.m. ^- — ' nlkUkrv-i — n 



n=l,fc=0 

2m ^— ' v n\k\(n + ka\) 

n=l,fc=0 v ' 

00 

00 

e Q i 



n=l,fc=0 v y 



2(n+fc)r 



where we assumed, to facilitate the computation, that a± is irrational. The sum of terms pro- 
portional to integer powers of e~ 2r , like e~ 2nr and e - 2 ( n + fc ) r ; turns out to vanish. The rest give 



J_ y ( 1)w+fc -i (" + fc-l)! f 1 , 1 A 
2m j~~^_ \fcai + n ka± — na 2 J 

__2_ r / 4_ 

7 — r-e a i +0 [e a i 



^ m a x sin 



e a i + (ai <-» 02) 



ai «-> a 2 ). (B.2) 
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Although the above result is given under the assumption that ai(— 1 — «2) is irrational, we can 
confirm directly that the leading term of the above is also finite with rational a%, especially a 
limit of ax — ► \ gives 

- 1 V^ e ~^ + ("i ~ "2) -> -4re" 4r . (B.3) 

2m «i sin f^J 

This result is in accord with the known result 128, 261. 
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